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Summary
A recursive algorithm is provided for computing the exact confidence limits for the com-
mon odds ratio in several 2 x 2 contingency tables in order to elucidate a dichotomous
risk factor without the influences of the confounding variables. The computing time by
our algorithm increases as the order of sample size square, which is equivalent to that
of the network algorithm provided by Mehta et al (1985, JASA). Our algorithm, how-
ever, is simpler and more programmatic rather than the network algorithm. A simple
recursive algorithm can easily and rapidly give the exact confidence limits for the com-
mon odds ratio for all situations between sparse data settings and large-stratum settings

where asymptotic approaches may be available but suspect.
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1. Introduction

In the analyses of the epidemiologic studies, especially in case-control studies, the data
are often stratified into a series of 2 x 2 tables to elucidate a dichotomous risk factor
without the influences of the confounding variables. Therefore, we usually try to compute
the estimate and confidence limits for ¢, the common odds ratio in K 2 x 2 independent
contingency tables. Several asymptotic methods have been proposed to this problem.

The Mantel-Haenszel (1959) estimator, @ZMH is ordinarily used to estimate 1. To con-
struct the confidence limits for 1, the asymptotic variance of the Mantel-Haenszel esti-
mator was given by Hauck (1979) based on ”large-stratum” sets wherein the number of
tables remained fixed but individual cell sizes increased without bound. Breslow (1981)
proposed one variance for ”sparse-data” settings where the cell sizes remained bounded
but the number of tables increased. Robins et al (1986) provided a good asymptotic
variance for both sparse-data and large-stratum settings. We construct an approximate
confidence interval by the ”In-method” that is constructed by using log ¥y and its

asymptotic variance, and the approximate 1 — « confidence limits are given by
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where x2 is the upper « point of,the chi-square distribution with one degree of freedom.

Another approximate methods are derived from the test statistics such as the extended
Cornfield method by Gart (1970, 1971) that performs well for large-stratum sets but
poorly for sparse-data sets, while Sato (1990) proposed a good method for both sparse-
data and large-stratum settings.

However, we can also construct an exact confidence interval based on the conditional
distribution (Zelen, 1971), which guarantees the desired coverage probabilty. Though
the computational complexity exists in estimating the exact confidence limits, Mehta et
al (1985) provided the network algorithm to overcome the time consumption even for
sparse-data settings, of which the computational time increases as the order of (nK)>2.
The network algorithm, however, is not essential to compute the exact confidence limits
although the idea may be relevant. In fact, some recursive process is essential to obtain
the exact confidence interval.

In this paper, we provide a simple recursive algorithm to compute an exact confidence



interval for 4, of which computational time increases as the order of (nK)? that is equiva-
lent to that of the network algorithm, while our algorithm is simpler and easier to complete

a computer programime.

2. Exact Inference for the Common Odds Ratio

Consider K 2 x 2 tables with pairs of independent binomial observations (z, i) with
denominators (ng, my) and success probabilities (pix, pax) for k = 1,..., K. In case-
control studies z, and y, persons are exposed in ny cases and my, controls respectively in
the kth stratum.

To measure the disease-exposure association the odds ratio ¥ = (pirqar)/(p2rqix) is
available, where g1 = 1—py) and gox = 1 — pyy in the kth table. Usually assumed 1 =
for all k£, where 1 is the common odds ratio.

The ”exact” estimator and confidence limits for 1) are derived from the conditional
distribution(Gart, 1970, and Zelen, 1971). Given the table marginals ng, m; and ¢, =

Tk + Yk, the conditional distribution is the noncentral hypergeometric distribution for zy,
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The conditional maximum likelihood estimator 1, can be obtained by the following

equation with an iterative method.
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Because of time consuming against the truth, most of epidemiologists and biostatistian
prefer the Mantel-Haenszel estimator z/BMH to CMLE @c. However, the CMLE can be

easily computed without time spending by 16 bit micro-computer (Satten and Kupper,
1990, and Takagi, 1990).



Let L = 3"y and U = ¥ uy, the conditional distribution of s = }°;, zj, is given (Zelen,
1971) by

g(sly) = Coy* / ;awr, (3)

where

C, = Z ﬁ W(kark):

R(s) k=1
and R(s) is the set of all K-fold partitions of all ) r, = s.
Exact 100(1 — @)% confidence limits for 1 are given by {11, ¥y} such that

> 9(elr) =5, (4)
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Note that @L=Oifs=L, andzﬁU:ooifszU.

To estimate exact confidence limits, we need an efficient way to compute coefficients C,
and also must take a measure against mimerical overflow. If these problems are resolved,
we can easily compute exact confidence limits using an iterative method such as a Newton-

Raphson method or a binary search.

3. A Simple Recursive Algorithm
First of all, we should compute W (k, ) for all £ and ri. In general, however, we will
use log W(k, i) that can be easily obtained instead of W(k,r;) as explained later.
A simple recursive algorithm for the computation of coefficients C; is as follows;
[1] Let C(1, 1) = W(1,my) for I <7 < uy.
[2] Let Ly = Zk: [; and Uy, = Zk: u;. Then compute the following equation.
j=1 j=1
Clk+1,z41) = Y,  Clhkyz) Wk +1,r41), (6)
ZhHTEp1=2E 41
where Ly < 2, < Uy, and lpqq < reqn < Upyr.
[3] Repeat [2] for k =2,..., K.

When all computations are finished, then we can obtain C, = C(K, zx).



Hence, the maximum computation amount described above is given by

G o K-1)K
> {Z n;+ 1 (npg+1) < (K —-1)(n+ 1)+(——-—)—n(n+1), (7)
k=2 |j=1 2

that follows the order of (nK)?, where n = max(ns,...,ng).

In practical applications, we may encounter to a technical difficulty while computing
Wik, i), C(k,z) and 9° if the above procedure will be operated originally, that is the
problem about numerical overflow. In order to avoid this problem, we must handle the
natural logarithm of these values such that let (W (k,ry) = log W(k, ;) and IC(k, z;,) =
log C(k, zx). In fact, (W (k, rs) can be easily computed by

W (k,ri) = logI'(ng+1)+logI'(my +1) —log I'(r + 1) — log I'(ny, — ri + 1)
—log I'(ty — ri + 1) = log I'(my — ty + 71 + 1),

where log I'(+) is the log-gamma function.

If a mathematical function library for FORTRAN contains the log-gamma function,
we can use it, but if not, we should compute it. Fortunately, however, since we use only
integer numbers, it is not difficult to compute the values of the function by using the
following equations; log I'(n+ 1) = logn +log I'(n) and log I'(1) = 0. In practice, we had
better obtain the values of log I'(n) in advance for n is between 1 and large enough for
the computations.

To avoid the overflow problem, we may use the following equation in stead of (6);

IC(k+1,2p41) = log > exp{ (C(k,zx) + W (k + 1,741) — A(241)}

2T 41T 2041

+A(z41), (8)

where A(2x41) = max[ (C(k, zp) HIW(k+1,7641); 2k41 = 26+ 7841, Li < 25 < U, logr <
The1 < Uksg)-

Since A(zg+1) is evaluated and revised in each step in practical computations, it is not
necessary to detect the maximum value for all (C(k, z) + W (k+1,7441) at the beginning

of the procedure.



When computing (3), (4), and (5), C,¢" may cause the numerical overflow. Therefore,

we take a measure against the problem. In order to avoid it, rearrange the left term in

~

(4) for ¢, as follows;
U R
2 exp| log C; + zlog ¢, — 4]

(07

=2 (9)

U R
> exp| log C, + rlog ¢, — A]
r=L

where A = max[ logC, + rlog Yr; L<r<U ], and the same manner can be adopted to
the estimation for gZU.

Clearly, we had better obtain log C, instead of coefficients C, for computing (9) for
large K and/or large samples.

4. Numerical Example
In this section, we show a practical procedure for the algorithm described above by
using a simple example. Suppose K =3, ny =my =t =2fork = 1,2, and 3, and s = 3.

Consider three tables as follows;

2 0 1 1 0 2
, , and .
[0 2] [1 1] [2 0}
Then we can easily compute W(k,0) = 1, W(k,1) = 4, and W(k,2) = 1 for all k.

Table 1. The first computation procedure for coefficients C,.

Ty 0 1 2 | (z14m)
2 C(l,z1) |W(2,m3) 1 4 1 22 C(2,2)
0 1 1x1 —  — 0 01
1 4 4x1 1x4 — 1 08
2 1 I1x1 4x4 1x1 2 18
- - — 1x4 4x1 3 08
- - —  — 1x1 4 01

Table 1 shows the process of computing C(2,2;). In this case, we only consider two
2 x 2 tables. First of all, let C(1,2) = W(1,ry) for z; = r; = 0,1, and 2. z; and C(1, z,)
are written in the first and second columns in the table, and r, and W(2,r;) are in the
top and second rows. Calculate C(1, z) x W(2,7,) for all z; and r;, and put them in the
proper locations as shown in Table 1. Note that the multiplications in each column move

downward step by step according to z; + r;, say 2.
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Finally, we sum upp the values in each row, respectively. Then we can obtain C(2, z;)

for 2, =0,1,2,3, and 4.

Table 2. The second computation procedure for coefficients C,.

3 0 1 2 (22 + 13)
2y C(2,29) | W(3,13) 1 4 1 23 C(3, z3)
0 01 1x1 — — 0 01
1 08 8x1 1x4 — 1 12
2 18 18x1 8x4 1x1 2 51
3 08 8x1 18x4 8x1 3 88
4 01 1x1 8x4 18x1 4 51
— - — 1x4 8x1 5 12
- - — — 1x1 6 01

For three 2 x 2 tables, we can use the results of two 2 x 2 tables. Table 2 shows
the process of computing C(3, z3) for 23(= 2, + r3). At glance, clearly, the computing
procedures are the same as those shown in Table 1. Then we can easily obtain C(3, z3)
for z3 = 0,1,2,3,4,5, and 6.

If K > 4, all we need is to repeat the same process recursively until desired results are
obtained.

Thus, if s =3 and ¢ = 1, we can easily compute the probability as follows;

C 88
By =1)=5—= 1+12+51+88+51+12+1
S 1H12+51488+51+12+

z=0

= 0.4074

Exact confidence limits for ¢ can be obtained by the same way using (4) and (5), though

an available computer programme should be necessary.

5. Discussion

We have provided a simple recursive algorithm for estimating exact confidence limits for
the common odds ratio in several 2 x 2 tables. Our algorithm demands time consumption
as the order of (nK)? that is equivalent to that of the network algorithm by Mehta et

al (1985). However, our algorithm is quite simpler and more easily programmatic rather

than the network algorithm.



In practice, though approximate methods for confidence interval may be available in
many cases for large-stratum settings and/or even for sparse-data settings, as Mehta et al
(1985) discussed in details, one would prefer to obtain exact confidence limits if asymptotic
approximations are questioned by the skewness of table marginals and/or large .

Moreover, since approximate methods are asymptotic, if we can obtain exact confidence
limits, then we will have additional exact information about the common odds ratio, and
therefore evaluate efficiently the risk of dichotomous variable of interest. Even if exact
methods consume time more than approximate methods, what is importa,nt is to be able
to obtain exact confidence limits for ¢ with the desired coverage probability.

The FORTRAN programme for our algorithm is available from the author on request.
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